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GAUGE DEFECT NETWORKS IN TWO-DIMENSIONAL CFT†
RAFA L R. SUSZEK∗
Abstract. An interpretation of the gauge anomaly of the two-dimensional
multi-phase σ-model is presented in terms of an obstruction to the existence
of a topological defect network implementing a local trivialisation of the gauged
σ-model.
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1. Introduction
The Symmetry Principle and the Gauge Principle figure among the most fun-
damental ideas of local QFT. In particular, they serve to distinguish theories
with a non-anomalous realisation of classical symmetries, admitting descent to
the space of orbits of an action of the symmetry group on the space of states.
This note gives an account of recent progress in realising the Principles in 2d
CFT in the mixed geometro-cohomological framework developed by Gawe¸dzki et
al. and adapted in Refs. [RS09, Sus11] to the study of CFT defects. As we shall
argue, it is through application of the ensuing correspondence between defects and
CFT dualities along the lines of Ref. [Sus12] that the categorial construction of
Refs. [GSW11, GSW10, GSW12] of the gauged CFT is justified and brought to
completion. Our discussion emphasises the naturalness of Gawe¸dzki’s approach
and paves the way towards a rigorous description of T-duality and T-folds.
2. The multi-phase σ-model
The mono-phase 2d non-linear σ-model is a theory of maps X ∈ C1(Σ,M) from a
compact closed 2d metric manifold (Σ, η) to a metric manifold (M,g) supporting
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a bundle gerbe G. The gerbe, as defined in Refs. [Mur96, MS00], is a geometric
realisation of an integral class
[ 1
2π
H] ∈H3(M) .
It gives rise to a Cheeger–Simons differential character HolG(X) defined as the
image of [X∗G] under the isomorphism Hˇ2 (Σ,U(1)) ≅Ð→ U(1). The theory is de-
termined by the Principle of Least Action applied to the functional
Sσ[X ;η] ∶= − 12 ∫
Σ
g(dX∧, ⋆η dX)− i logHolG(X)
in which the Hodge operator ⋆η acts on the first and the metric g contracts
the second tensor factor in dX(σ) = ∂aXµ(σ)dσa ⊗ ∂µ∣X(σ) (in local coordinates
{σa}a∈{1,2} on Σ and {Xµ}µ∈1,dimM on M). The class [ 1
2π
H], necessary for the
cancellation of the Weyl anomaly, is represented by a 2-cocycle in the Deligne hy-
percohomology of M , and it is in this guise that gerbes first entered the description
of the σ-model in Refs. [Alv85, Gaw88], leading to a classification of field theories
with fixed (M,g,H) by elements of H2 (M,U(1)), and to a geometric quantisation
of the σ-model through transgression in Ref. [Gaw88].
Drawing inspiration from models of spin lattices with lines of spin frustration and
from orbifold string theory, we are led to consider, after Ref. [FSW08], mappings
from Σ to a disjoint union of manifolds M , with discontinuities along lines ℓ ⊂ Σ at
which the component of the energy-momentum current generating diffeomorphisms
of Σ that preserve ℓ is continuous, whence the name conformal defects. Amidst
these, we find topological defects with the property that all components of the
current are continuous at ℓ. A formal path-integral argument of Ref. [RS09] shows
that in a factorisable CFT with defect lines we are bound to consider intersections
of the latter. Together with defect lines, they compose an oriented graph Γ ⊂ Σ
that splits Σ into patches. Thus, we arrive at the definition of the multi-phase
σ-model of Ref. [RS09]: It is a theory of C1-smooth maps X that send the patches
to a metric space (M,g), defect lines to a smooth space Q with smooth maps
ι1, ι2 ∶ Q →M and ω ∈ Ω2(Q), and defect junctions of valence n ≥ 3 to a smooth
space Tn with smooth maps π
k,k+1
n ∶ Tn → Q, k ∈ Z/nZ subject to additional
consistency constraints. The target space
F ∶=M ⊔Q ⊔ T , T ∶= ⊔
n≥3
Tn
is the base of a geometric structure B from the 2-category BGrb∇(F), introduced
and elaborated in Refs. [Ste00, Wal07], of abelian bundle gerbes with connection
over F . The structure consists of a 0-cell (gerbe) G, a 1-cell (1-isomorphism)
Φ ∶ ι∗1G ≅Ð→ ι∗2G ⊗ Iω
(for Iω the trivial gerbe of curving ω), and 2-cells (2-isomorphisms)
ϕn ∶ ○k∈Z/nZ πk,k+1∗n (Φε
k,k+1
n ⊗ Id) ≅Ô⇒ Id
(with εk,k+1n = ±1 for an incoming/outgoing defect line with index k). The triple
(G,Φ, ϕn) is a geometric realisation of the 2π-integral class of the relative 3-form
Θ ∶= H⊕ ω ⊕ 0
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in the cohomology of the complex of cochain groups
C
p
dR
(M,Q,Tn∣∆Q,∆Tn) ∶= Ωp(M)⊕Ωp−1(Q)⊕Ωp−2(Tn) , p ∈ N
(here, Ω−1(X) ∶= Rπ0(X) and Ωm<−1(X) ≡ 0) endowed with the differential
d̃(ωM ⊕ ωQ ⊕ ωTn) ∶= dωM ⊕ (−dωQ −∆QωM)⊕ (dωTn −∆TnωQ) ,
written for ∆Q ∶= ι∗2 − ι∗1 and ∆Tn ∶= ∑k∈Z/nZ εk,k+1n πk,k+1∗n , cf Ref. [Sus12]. The
said theory is determined by the Principle of Least Action applied to the functional,
given in Ref. [RS09],
Sσ[(X ∣Γ);γ] ∶= − 12 ∫
Σ
g(dX∧, ⋆γ dX) − i logHol(G,Φ,ϕn ∣n∈N≥3)(X ∣Γ) ,
in which the last term is a differential character expressed in terms of Deligne data
of the (G,Φ, ϕn). The definition enables us to label conformal defects with fixed
(M,g,G,Q, ια, ω) by classes in H1 (Q,U(1)), and (inequivalent) choices of the ϕn
by elements of U(1)π0(Tn). It also determines a geometric quantisation of (the
twisted sector of) the σ-model through a relative variant of transgression described
in Refs. [GR02, GR03, Gaw05, Sus11].
3. Defects vs. dualities
A relation between topological defects and CFT dualities has been predicted
within the categorial approach to the quantisation of the CFT developed by Fro¨hlich,
Fuchs, Schweigert, Runkel et al. in Refs. [FFRS04, FFRS07] and subsequent works.
Its realisation in the geometric framework outlined above was worked out in the
author’s recent paper [Sus11], preceded by a case study in Ref. [RS09] of a class
of defects in the Wess–Zumino–Witten–Gawe¸dzki σ-model of Refs. [Gaw88, GR02,
GR03, Gaw05]. It stems from the simple world-sheet intuition: A (space-like) cir-
cular defect ℓ○ separating two patches of the σ-model establishes a correspondence
between states from the respective phases, represented by the Cauchy data localised
at the circular components of the boundary of the patches joining at ℓ○. A canonical
analysis of the relation between the two sets of Cauchy data that follows from the
gluing condition imposed at ℓ○, as part of the variational principle, upon classical
(i.e., minimal) field configurations X demonstrates that the subspace
Iσ ⊂ P
×2
σ
composed of pairs of states in cross-defect correspondence is isotropic with respect
to pr∗1Ωσ − pr∗2Ωσ (here, the prα ∶ P×2σ → Pσ are the canonical projections). The
defect data induce a full-fledged (pre)quantum CFT duality, that is Iσ is a graph
of a symplectomorphism preserving the Hamiltonian density and lifting to an iso-
morphism
pr∗1Lσ ∣Iσ ≅ pr∗2Lσ ∣Iσ
between pullbacks of the prequantum bundle Lσ of the mono-phase σ-model, iff the
maps LQ → LM ∶ φ ↦ ια ○ φ are surjective submersions, the defect is topological
and extra technical conditions are satisfied, cf Ref. [Sus11]. This is the case, in
particular, when the defect carries the data of a 1-isomorphism ΦF ∶ pr∗1G ≅Ð→ pr∗2G
over the graph Q = (idM × F )(M) of an isometric diffeomorphism F of (M,g).
The associated duality relates mappings into a single component of M , and so it
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represents a global symmetry of the mono-phase σ-model. This brings us to the
main point of our discussion.
4. The Gauge Principle through defect networks
Global symmetries of the σ-model form a subgroup
Gσ ⊂ Diff(F)
acting on F as
ℓ ∶ Gσ ×F →F ,
with the ια and π
k,k+1
n assumed Gσ-equivariant. Elements of Gσ satisfy the
defining relation
Sσ[(ℓg(X)∣Γ);η] = Sσ[(X ∣Γ);η] .
In order to understand the underlying geometry, it is instructive to examine infin-
itesimal symmetry transformations, induced by flows ψ⋅ ∶] − ǫ, ǫ[×F →F , ǫ > 0 of
the Gσ-fundamental vector fields K ∈ X(F). Inspection of the identity
d
dt
∣
t=0
Sσ[(ψt ○X ∣Γ);η] = 0
reveals that the symmetries correspond to those sections
K ⊕K ∈ X(F)⊕C1dR(M,Q,Tn∣∆Q,∆Tn)
of the generalised tangent bundles (here, Γ ((Tn ×R)0) = Rπ0(Tn))
EF ∶= (TM ⊕T∗M) ⊔ (TQ⊕ (Q ×R)) ⊔ ⊔
n≥3
(TTn ⊕ (Tn ×R)0) →F
which obey the relations
−L K g = 0 and ι̃K Θ = −d̃K ,
expressed in terms of the relative contraction
ι̃V (ωM ⊕ ωQ ⊕ ωTn) ∶= ιV ωM ⊕ (−ιV ωQ)⊕ ιV ωTn ,
cf Ref. [Sus12]. There is an essentially unique extension of the Lie bracket on X(F)
to Γ(EF) that closes on the set Γσ(EF) of these sections, to wit,
[V ⊕ υ,W ⊕̟]ΘC ∶= [V ,W ]⊕ [−L V ̟ − −L W υ − 12 d̃(̃ιV ̟ − ι̃W υ) + ι̃V ι̃W Θ] ,
and it is natural to think of it as a relative Θ-twisted Courant bracket. Indeed, it
restricts to the H-twisted Courant bracket on sections of the standard generalised
tangent bundle TM ⊕ T∗M whose roˆle in the description of symmetries of the
mono-phase σ-model has been known since Ref. [AS05]. The intrinsically gerbe-
theoretic nature of the bracket is readily established with the help of Hitchin-
type isomorphisms of Ref. [Sus12]. With the algebraic structure on Γσ(EF) thus
determined, we are ready to discuss the Gauge Principle.
Geometrically, the Principle stipulates that the covariant configuration bundle
F
′ ∶= Σ×F of the σ-model be replaced by the bundle P×ℓF associated, through
ℓ, to an arbitrary principal Gσ-bundle P→ Σ and carrying a fibrewise action of the
adjoint bundle P×AdGσ. In this manner, the action of the symmetry group (encoded
in the isotype Gσ of the fibre of P ×Ad Gσ) is rendered local while preserving the
original field content, the latter being determined by the isotype F of the fibre
of P ×ℓ F . Clearly, we must insist that the new covariant configuration bundle
admit a global section, to be identified with the lagrangean field of the gauged
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σ-model under construction. The geometric descent from the extended covariant
configuration bundle F̃ ∶= P ×F to P ×ℓ F is straightforward as the Gσ-action
on the former is free. The nontrivial task is to lift this action equivariantly to an
extension B̃A of the original B to F̃ obtained by coupling its pullback to the
gauge field given by the principal Gσ-connection 1-form
A ∈ Ω1(P)⊗ gσ , gσ ∶= LieGσ
on P. This is to be done in such a manner that B̃A descends to the quotient P×ℓF
in the sense captured by a variant, established in Refs. [GSW11, GSW10, GSW12],
of Stevenson’s Principle of Descent of Refs. [Ste00, Wal07] (to be viewed as a (2-
)categorification of pullback) and defines a CFT invariant under the action of the
gauge group P ×Ad Gσ.
It is convenient to begin the analysis with the topologically trivial case P =
Σ × Gσ, in which we keep F ′ as the covariant configuration bundle and replace
A by the connection 1-form A = AA ⊗ tA ∈ Ω1(Σ) ⊗ gσ, written in terms of the
generators tA of gσ subject to the relations
[tA, tB] = fABC tC
in which the fABC are the structure constants of gσ. Upon choosing a basis
KA ∶= KA ⊕ (κA ⊕ kA ⊕ 0) , A ∈ 1,dimgσ
in Γσ(EF) projecting to the set of Gσ-fundamental vector fields KA associated
with the tA, we obtain the following (minimal) extension B
′
A
of B to F ′ (sub-
scripts 1,2 denote pullbacks along the canonical projections) given in Refs. [GSW11,
GSW10, GSW12]: the metric
gA ∶= g2 − g(KA, ⋅)2 ⊗AA1 −AA1 ⊗ g(KA, ⋅)2 + g(KA,KB)2AA1 ⊗AB1
and the 0-cell
GA ∶= G2 ⊗ IρA with ρA ∶= κA 2 ∧AA1 −
1
2
(ιKAκB)2AA1 ∧AB2
over M ′; the 1-cell
ΦA ∶= Φ2 ⊗ JλA
with the trivial 1-cell (trivial line bundle) JλA with a connection 1-form
λA ∶= −kA 2A
A
1
over Q′; the 2-cells
ϕnA ∶= ϕn 2
over the T ′n. In terms of these, we define – for ξ ∶= (idΣ,X) with X as before –
the gauged σ-model coupled to the topologically trivial gauge field
Sσ[(X ∣Γ);A, γ] ∶= − 12 ∫
Σ
gA(dξ∧, ⋆γ dξ) − i logHol(GA,ΦA,ϕnA ∣n∈N≥3)(ξ∣Γ)
We may next impose the demand that the above be invariant under gauge trans-
formations
(X,A) ↦ (ℓχ(X),AdχA − dχχ−1)
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defined for arbitrary χ ∈ C∞(Σ,Gσ). For χ homotopic to the identity, this yields
the condition that the triple
(
dimgσ
⊕
A=1
C∞(F ,R)KA, [⋅, ⋅]ΘC , αTF ≡ pr1)
define a Lie algebroid, and the latter is then canonically isomorphic with the action
algebroid gσ⋉ℓF , cf Refs. [GSW11, GSW10, GSW12]. Invariance under large gauge
transformations requires the existence of a 1-cell
Υ ∶ ℓ∗G ≅Ð→ pr∗2G ⊗ IρθL
(for θL the left-invariant Maurer–Cartan 1-form on Gσ) and a 2-cell
Ξ ∶ ℓ∗Φ
≅Ô⇒ [((idGσ × ι2)∗Υ−1 ⊗ Id) ○ (pr∗2Φ⊗ Id) ○ (idGσ × ι1)∗Υ]⊗ JλθL
(subject to additional constraints) from the 2-category BGrb∇(Gσ ×F) based on
the arrow manifold of the action groupoid Gσ⋉ℓF . Upon recalling that gσ⋉ℓF is
the tangent algebroid of Gσ⋉ℓF , we are led to identify the latter as the algebro-
differential structure underlying those symmetries of the σ-model that can be
gauged. This observation was elucidated in [Sus12] with the help of the equiva-
lence
Gσ-Bun(Σ∥F) ≅ Gσ⋉ℓF -Bun(Σ)
between the groupoid of principal Gσ-bundles P → Σ with the property that
P ×ℓ F admits a global section and the groupoid of principal Gσ⋉ℓF -bundles over
Σ, the latter being defined in Ref. [Moe91]. The equivalence has a natural world-
sheet interpretation, reminiscent of the categorial generalised-orbifold construction
of Ref. [FFRS09]: An object P of Gσ-Bun(Σ∥F) (data of the gauged σ-model,
forgetting the connection) trivialising over an open cover O ∶= {Σi}i∈I of Σ cor-
responds to a family of smooth mappings Xi ∶ Σi → F under which images of
points σ ∈ Σi∩Σj are related as Xi(σ) = ℓgij (Xj)(σ) by arrows of Gσ⋉ℓF defined
in terms of transition maps gij of P. This demonstrates the necessity of incor-
porating nontrivial principal Gσ-bundles in a complete description of the gauged
σ-model as they are necessary to reproduce the twisted sector of the descended
CFT. Their presence appears to ensure self-consistency of the quantised theory, cf
Refs. [GSW11, GSW10, GSW12].
The goal of extending the Gauge Principle to topologically nontrivial bundles P
can be attained through local trivialisation of P over O followed by the gluing of
local data (Xi,Ai) over the Σi and of the local phases B′Ai of the gauged σ-model
by means of the gij at the edges ℓij ⊂ Σi ∩Σj of a trivalent graph ΓO associated
with O, with ΓO ∩ Γ discrete and not containing vertices of Γ. We then check, as
in Ref. [Sus12], that the pair (Υ,Ξ), required to exist by previous arguments, can
be used to induce the desired structure of a topological defect at the ℓij , alongside
that of a (trans-)defect junction at ΓO ∩ Γ. These jointly implement the gluing of
local data in the presence of Γ, and the gluing itself emerges as a duality between
the trivialised phases B′
Ai
. The hitherto assignments already fix, by the arguments
from Ref. [RS09], the structure to be pulled back to the vertices of ΓO, and so we
are led to demand the existence of a 2-cell
γ ∶ (d(0) ∗
2
Υ⊗ Id) ○ d(2) ∗
2
Υ
≅Ô⇒ d(1) ∗
2
Υ
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of BGrb∇(G2σ×M), written in terms of the face maps d(k)l ∶ Glσ×M → Gl−1σ ×M, k ∈
0, l of the nerve of Gσ⋉ℓF and playing a roˆle analogous to that of ϕ3. At this stage,
we still have to demand that the gauged σ-model thus sewn from the local phases
B′
Ai
be independent of the arbitrary choices made, e.g., the choice of O and ΓO,
of the trivialisation and of index assignments. This further constrains (Υ, γ,Ξ), so
that ultimately we have to demand that the triple define a Gσ-equivariant structure
on B, as was demonstrated in Ref. [Sus12]. By the Principle of Descent, the gauged
σ-model then yields a (manifestly gauge invariant) CFT on P ×ℓ F , equivalent to
a σ-model on F /Gσ whenever the latter exists as a manifold, cf Refs. [GSW11,
GSW10, GSW12]. Obstructions to the existence of the Gσ-equivariant structure
(known as gauge anomalies), as well as its inequivalent realisations are classified
in Refs. [GSW11, GSW10, GSW12] by a Gσ-equivariant extension of the relative
Deligne hypercohomology.
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